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The uniform spanning tree

Given a finite connected graph G = (V, E):

@ A spanning tree is a connected subgraph T = (V,E’) with E/ C E
without loops.

@ The UST is uniformly distributed on the space of all spanning trees.

~> On the complete graph K, with m vertices the UST equals in law
the family tree of a Bienaymé branching process with Poisson(1)
offspring law conditioned to have m vertices.
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The Aldous-Broder algorithm

[ALDOUS (1990)], [Tsoucas (1989)], [BRODER (1989)]
@ Consider the RW (W (n))nen, on G.

@ Let W run until it has seen all vertices, and put
E = {{W(TV —1),vh ve V\{W(O)}},

with
T, :=inf{n>0: W(n)=v}

the first hitting time of v.

~» G’ = (V,E’) is the uniform spanning tree.

Example. W(0) =3, W(1)=2 W(2)=3 W(3) =1 W(4) =2 W(5) =4, ..
2 2

1 1

~> A computationally faster algorithm relies on Loop Erased Random Walks,
[WILsON (1996)]
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Loop-erased random walk (LERW)

[LAWLER (1979)]

Let v([0, M]) := (7(0), ...,7(M)), M € N, be a path on a locally finite
connected graph G = (V, E):

@ Define the loop erasure LE(~([0, M])) by erasing loops in the order
they appear.

Lo S

@ A random walk (W (n))sen, on G = (V, E) is the V-valued MC
having jumps to every neighbor with the same probability.

@ If W is transient, LE(W([0,o0))) well-defined even if M = occ.
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Wilson's algorithm

We can construct a UST on a finite connected graph G = (V/, E) as follows:
@ Pick arbitrary vertices vo,vi € V, run a RW W starting in W(0) = v
until the first hitting time T, and let 71 := LE(W([0, T,])).

@ Given T, pick vkt1 € V, run a RW W starting in W(0) = vk
independently of what happened before until the first hitting time T,
and let Tiq1 := T W LE(W([0, T7])).

\Q‘J 1

@ Continue until all vertices are in the tree.

~» Distance between two randomly sampled leaves X, and Xj in the UST
equals in distribution the length of LE(W/([0, Tx,])) with W(0) = Xo.
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Coupling from the past: towards the Aldous-Broder chain

[PERSONAL COMMUNICATION ALDOUS WITH DIACONIS]
Let RW W run from time —oo to time 0, and put

E = {{v,W(L, +1)}; ve V\ {W(0)}},

with
L, :=max{n < 0: W(n)=v}
the last hitting time of v.

~ G’ =(V,E’) is the uniform spanning tree.

Example. .., w(=5)=2 W(-4) =3, W(=3) =1, W(=2) =2, W(—1) =4, W(0) =1
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The Aldous-Broder map

Let v = (7(n))nen be a path on G = (V, E):
@ Define the Aldous-Broder map AB(~) by letting for each m € N,

o vertex set. T(m) := {v(0),...,v(m)},

e root. p(m):=-y(m), and

o edge set. E(m):={{v,y(L, +1)}; ve T(m-1)}.
~» This yields a

@ If W isthe RWon G = (V, E), we refer to
X 1= AB(W)

as the Aldous-Broder chain.

~> Question for today. Scaling limit as graph size goes to co?
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What is a tree?

Identify graph-theoretical trees G = (T, E) with (finite) metric measure
spaces (T ,dgr, tir) where dg, is the graph distance and pyr the uniform
distribution on the set of leaves.
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What is a tree?

Identify graph-theoretical trees G = (T, E) with (finite) metric measure
spaces (T ,dgr, tir) where dg, is the graph distance and pyr the uniform
distribution on the set of leaves.

X1 X3
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X2 X4

| am not a tree :-( | am a tree :-)
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What is a tree?

Identify graph-theoretical trees G = (T, E) with (finite) metric measure
spaces (T ,dgr, tir) where dg, is the graph distance and pyr the uniform
distribution on the set of leaves.

X1 X3
° [ ] [ ] [ ]
| AN c1 [ /
/ \ . . .
VRN e N
i i ° ) . °
X2 X4
| am not a tree :-( | am a tree :-)

Definition

@ A metric space (T,d) is called a metric tree if (T,d) is
0-hyperbolic and contains all branch points.

@ A metric measure tree (T,d, (1) is a metric tree together with a
probability measure .

~> R-trees are path-connected metric trees.
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Notions of convergence of metric (measure) spaces

o Gromov-Hausdorff. (X, dp)nen —> (X, d) iff there are a metric
space (Z, r) and isometries ¢, : X, = Z, n=1,2,..., and
¢ : X — Z with

A" (61(Xn), 6(X)) — 0.
@ Gromov-weak. (X, dn, fn)neN v, (X, d, ) iff there are a
metric space (Z, r) and isometries ¢, : supp(u,) = Z, n=1,2, ...,
and ¢ : supp(p) — Z with

(¢n) ttn == (9) 1t

o Gromov-Hausdorff-weak. (X, dy, fin)nen —= (X, d, 1) iff there

are a metric space (Z, r) and isometries ¢, : X, = Z, n=1,2, ...,
and ¢ : X — Z with

(6n) in=(6) .1 and  dF" ($2(X0), #(X)) — 0.
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Useful facts and inclusions of notions of convergence

0 (denuufn)nGN ﬂ\l} (X,d,u) imp“es
(Xn7 dna Mn)nEN I%Z (X7 d7 /-‘L) and (Xna dn7 Mn)nEN ni—W; (Xa da :U/)
© [GREVEN, PFAFFELHUBER & W. (2009)]
(Xm dna,un)nEN ﬂ> (Xa d,/‘) iff
(dn(UF, UDh<icjc = (d(Ui, Uj)h<icj<k

forall k € N, UP, ..., U iid. ~ p, and Uy, ..., Uy iid. ~ p.
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Scaling limit of the UST on the complete graph

[ALpoOUS (1993)]

Theorem (The CRT as scaling limit)

For a critical offspring law with variance 0 < 02 < oo, let Ty be the
Bienaymé tree conditioned to have N nodes. Then

T w
N_ My cRT,

,/O-ZN N— oo

where CRT is the Continuum Random Tree.

.
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Scaling limit of the UST on the complete graph

[ALpoOUS (1993)]

Theorem (The CRT as scaling limit)

For a critical offspring law with variance 0 < 02 < oo, let Ty be the
Bienaymé tree conditioned to have N nodes. Then

T w
N_ My cRT,

,/O-ZN N— oo

where CRT is the Continuum Random Tree.

A

The UST on the complete graph K,,
with edge-lengths 1//m converges
GH-weakly in law to the CRT.
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CRT as limit of growing trees

@ Let (G, G, Gs,...) be the times of a non-homogeneous Poisson point process

x2
with rate r(t) = t. In particular, P(C; > x) = e” 2 (Rayleigh distribution).

®
ial

e
~®
n®

2 3 4

~> The process that describes the distance to the root is the Rayleigh process.
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CRT as limit of growing trees

@ Let (G, G, Gs,...) be the times of a non-homogeneous Poisson point process
XZ
with rate r(t) = t. In particular, P(C; > x) = e” 2 (Rayleigh distribution).
@ Let R(1) be a line of length C; from a root to leaf 1.

" ° ° ° °
I . ° ° °

(e} G G G
P 1

~> The process that describes the distance to the root is the Rayleigh process.
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CRT as limit of growing trees

@ Let (G, G, Gs,...) be the times of a non-homogeneous Poisson point process
XZ
with rate r(t) = t. In particular, P(C; > x) = e” 2 (Rayleigh distribution).
@ Let R(1) be a line of length C; from a root to leaf 1.

© Inductively, obtain R(k + 1) from R(k) by attaching an edge of length
Ci+1 — Ck to a uniform random point of R(k) labeling a new leaf k + 1.

G G G Gy

2

~> The process that describes the distance to the root is the Rayleigh process.

Anita Winter The Aldous-Broder chain on the high-dimensional torus 11



CRT as limit of growing trees

@ Let (G, G, Gs,...) be the times of a non-homogeneous Poisson point process
XZ
with rate r(t) = t. In particular, P(C; > x) = e” 2 (Rayleigh distribution).
@ Let R(1) be a line of length C; from a root to leaf 1.

© Inductively, obtain R(k + 1) from R(k) by attaching an edge of length
Ci+1 — Ck to a uniform random point of R(k) labeling a new leaf k + 1.

C

G 2 C3 Cy

2

~> The process that describes the distance to the root is the Rayleigh process.

Anita Winter The Aldous-Broder chain on the high-dimensional torus 11



CRT as limit of growing trees

@ Let (G, G, Gs,...) be the times of a non-homogeneous Poisson point process
XZ
with rate r(t) = t. In particular, P(C; > x) = e” 2 (Rayleigh distribution).
@ Let R(1) be a line of length C; from a root to leaf 1.

© Inductively, obtain R(k + 1) from R(k) by attaching an edge of length
Ci+1 — Ck to a uniform random point of R(k) labeling a new leaf k + 1.

C

G 2 C3 Cy

2

~> The process that describes the distance to the root is the Rayleigh process.

Anita Winter The Aldous-Broder chain on the high-dimensional torus 11



The CRT as scaling limit of the UST on tori

@ [BENJAMINI & Kozma (2003)] d > 5

d
2

Eny [#LE(W0, To])] = O(N

)

@ [PERES & REVELLE (ARXI1v2005)] d > 5. For all x > 0,
x2
Py (FLE(W[0, To]) > xB(d)N?) —re T,

with 8(d) := \}% where

v(d) = P(LE(W'[0, x0))) N W?([1, 00)) = 0)
a(d) = P(LE(W'[0, 00)) ULE(W?[0, 00)) N W3[1, 00)) = 0)

with W', W? and W? independent RWs on Z¢ starting in the origin.
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Scaling limit of UST on the high dimensional torus

If K, complete graph with m vertices, then ﬁUST(Km) — CRT

m—00

@ [PERES & REVELLE (ARX1v2005); d > 5] There is 5(d) € (0, 00) s.t.

N— oo

N—l%UST(Z;’V) =% B(d)- CRT.

@ [ScHWEINSBERG (2009); d = 4] There exists a sequence (8y)
bounded away from zero and infinity such that

1 4y Gw
——=— - UST(Z)) = CRT.
BuN2(log N)§ (Zn) oo

© [ARCHER, NACHMIAS & SHALEV (ARX1V2021); d > 5]

N— oo

NL%UST(Z‘A’,) =X 5(d) - CRT.
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What is special about high dimensional tori?

@ (d > 3) [SpiTzER (UNPUBLISHED), Cox (1986)] Let W = (W) nen,
be the RW on Zj(,, d > 3. Then

0 (N9 Ty, o)) (1 —(d))do + 7(d)Exp(1)
with v(d) the escape probability on Zg,. Moreover,

Ly (N™To) = Exp((7(d)) 7).

@ (d>5) Thereis O(N2log N) < (sy) < O(N%) with

(d
L,(W(sy)) =mn, vEN,
~ Se parat|on (up to time TN%, T > 0 fixed, w.o.p.) of
(lengths less than sy) and (length of order O(N?)).
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The scaling factor, 5(d), d > 5

There is a time scale O(N?log N) < (sy) < O(N

d
2

) with EV(W(SN)) =N, vEN

° LE(W[O7 TV]) decomposes into path segments segregated by the times at
which a long loop occurs.

@ Segments become asymptotically i.i.d. once you cut off pieces of length
sn in the beginning and in the end.

~> Want to know the number of segments and their length.

@ Concentration of length If sy < rv < N% then
By [#LE([0, rv])] ~ yn(d)rn with

y(d) — PLE(W([0,00))) N W2([1, 20)) = 0)

where W!, W? independent RWs on Z¢ starting in the origin.
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A dynamic view on LERW

~> Scaling limit of Aldous-Broder chain as graph size goes to co?

Let W = (W(n))nen, the symmetric RW on K, and

Z(k) := #LE(W([0,k])),  k € No.

Then Z = (Z(k))ken, is the N-valued Markov chain with

ﬁ7 ifbe{]""'?ail}?
P(Z(k+1)=b|Z(k) =a) ={ m=1=2  ifb=a+1,
0, else.

~> Does this dynamics has a scaling limit?
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Convergence to the Rayleigh process

Definition (Rayleigh process)

R = (R(t))t>0 is a [0, 00)-valued piecewise deterministic Markov jump
process such that

@ with rate R(t—) at time ¢, the Rayleigh process jumps
R(t—) — U- R(t-),

with U uniformly distributed on [0, 1],

@ and in between jumps, R increases linearly at unit speed.

(ﬁ#LEKm(W([O, \/Etﬂ)))

weakly in Skorokhod space.

— (R(t)>t20’

t>0 m—oo

~ : connection to CRT

Anita Winter The Aldous-Broder chain on the high-dimensional torus
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Candidate for a scaling limit: Root growth with regrafting

[Evans, PITMAN & WINTER (2006)]

Definition (RGRG)

RGRG, is a piecewise deterministic jump process R = (R(t)):>0 S.t.
given its current state (T, d, o):

Regrafting. For each v € T, a cut point occurs at unit rate dw.
As a result T\ {v} is decomposed into two subtree components; one
of them containing the root. We reconnect by identifying v with p.

Root growth. In between two jumps the root grows away from
the tree at unit speed.

~+ The height of a tagged point follows a Rayleigh process.
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Root growth with regrafting: Construction

[Evans, PITMAN & WINTER (2006)]
Remarks.

@ RGRG can be constructed using the points of a Poisson PP 1 on
A% = {(x,y) € ]Ri :x€RL,ye(0,x]} C Ri

with intensity measure dxdy.
For that we order the points of 1 w.r.t. increasing first coordinates

(m1(M), p1(M)), (72(7), p2(M)), (73(M), p3(MM)), -
and use

o 7,(M) for the time of the n'" regraft event, and
o p,(M) for the cut point associated with the n'® regraft event.
@ RGRG(t) = CRT.
© The RGRG is also well-defined if started in an arbitrary rooted tree
(possibly of infinite total length).
© |In particular, the RGRG has the CRT as its invariant distribution.
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Scaling limit of the AB-chain on the complete graph

[Evans, PITMAN & W. (2006)]

If (X™)men is a sequence of AB chains on the complete graph K, and

such that (ﬁX’"(O))Qo — CRT, then

(Exm(vmy) = (RGRG(t))tZO,

t>0 N—oo

where the RGRG starts in the CRT.

A
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A dynamic view in LERW: The high dimensional torus

~(d) —IF’(LE(Wl([O ©0))) N W3([1,00)) = 0)
a(d) = P((LE(W([0, 00))) U LE(W?([0, 00))) N W3([1, 0)) = 0)

[SCHWEINSBERG (2008)]

If R = (R(t))¢>0 is the Rayleigh process with R(0) = 0 and W is the
RW on Z4, d > 5. Let for all t > 0,

1

T e

ZN(t) o=

Then ZN = (Z"(t)):>0 converges to R = (R(t))¢>0 in Skorokhod
topology.

~> Can this be extended to a tree-valued dynamics?
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Scaling the AB-chain on the torus: Conjecture

Conjecture (Angtuncio-Hernandez, Berzunza-Ojeda & W.)

If (XN nen is a sequence of AB chains on Z,, d > 5, starting in the
UST(Z?) then

(Zx"win) L (8(d)- RGRG((a(d)e))

NE >0 N—oo >0’

where RGRG(0) 2 CRT.
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Scaling the AB-chain on the torus: main result

Trimming operator. T, ((T,d, 0)) := (T, dy,0), n > 0, defined as with
T, = {y eT:3zeTwithy€|pz],d(y,z) >n}U{o}.

Our conjecture implies that for all > 0,

(TW(N_%XN(N%L‘)))QO = (Tn(ﬁ(d) : RGRG((a(d))%f)))tZO'

~+ If the conjecture holds, it also holds if XV(0) = ({0}, ¢) and
RGRG(0) is the trivial rooted tree.

Theorem (Angtuncio-Hernandez, Berzunza-Ojeda & W.)

If (XN)nen is a sequence of AB chains on Z§,, d > 5, starting in the
trivial tree then

(VExM(NEeD) ) = (B RERG(a(d)FD) s

tZO N— oo

where the RGRG also starts in the trivial rooted tree.
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Proof Strategy

Theorem (Angtuncio-Herndndez, Berzunza-Ojeda & W.)

If (XN)NeN is a sequence of AB chains on Z‘,{,, d > 5, starting in the trivial tree then

GH
=
t>0 N—oo

(B(a) - RERG((a(d))3 1)) _ .

(v ExM (v o)) o

where the RGRG also starts in the trivial rooted tree.

General strategy. Couple the RW driving the AB-chain and the Poisson PP
driving the RGRG such that for each T > 0 w.h.p.,

rcnod (N EXV(INE2))) .y (B(d) - RORG(((d))* 1)) g 1) — O

N— oo
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Proof ideas: short loops don't change much

Choose a sequence (sy) 1 oo such that N?(log N)? < sy < N?.
@ Note that for all t > 0,

and that

T (NVEXM(INEe])) = N3, (XM(INVE L)),

_d
syN 2

~~ It is enough to show that

tZO N— oo

@ Fix T > 0. With overwelming probability, for all t € [0, T],
d
Tou (X"(IN%t))) = LEs, (W[0, 1)),

where LE;, () denotes the local loop erasure of v which only erases
short loops of length < sy.
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[llustrating the role of short and long loops

—
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Proof ideas: long loops are rare

Choose sequences (sy) 1 oo and (ry) 1 oo such that

O(N?log N) < sy < ry < N%.

Let W' and W? be two independent RWs on Z¢, and put

an(d) == Pryxny (LE(VT/I([O7 mw])) N Ramge(l/Tﬂ([l7 mw])) #0).

Lemma (Peres & Revelle (2004ArXiv))

a(d) ;== lim N—dza/\/(d)

Nesoo (rn)
= P((LE((W'[0, 00)) U LE(W?2[0, 00)) N W1, 00) = 0),

with W', W? and W3 independent RWs on 7.9 starting in the origin.
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Proof ideas: approximation and coupling

@ Decompose the RW-path W0, TN%] into path segments of length ~ ry:

d
AN — W[{(J — 1)ry + Sy s v — sN}]; j=1,.. |_TN2 1,

J ™
and refer to (i,j) as an (W, (sy, ry))-regraft index if

LE(AJS.’V’r"’) N Range(ANV) 2 0.

@ Discretize the Poisson PP as follows:
{(x(an(d)) "2 Jan(d)2, [x(an(d)) "2 Jan(d)?); (x,y) € N},

and refer to (/,/) as an (I, ay(d))-regraft index if
N ([ian(d)2, (i + )an(d)?) x [an(d)2, ( + )an(d)?)) > 1.

d
© Show that we can couple W and M such that w.o.p. for all j < i < T%Z

as an (W, (sy, ry))-regraft index iff (i,) as an (M, ap(d))-regraft index.

(7,4)

. d
~» Consequently, for all T > 0 w.o.p. up to time TN2,
@ branching events happen at the same time, and

@ yield trees of the same tree shape,
while in between two regraft events we rely on [SCHWEINSBERG (2008)].
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La fin
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