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Branching Brownian motion (BBM)

@ Each particle moves as a BM.
o life time ~ Exp.(1) with two offsprings.
@ Each offspring performs the same behaviors (independently).

@ M;: maximal position of BBM at time 7.
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Pic. from M. Roberts

Each particle moves as a BM independently.

life time~ Exp.(1) with two offsprings.

Each offspring performs the same behaviors (independently).

M,: maximal position of BBM at time t.
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Maximal position

@ M;: maximal position of BBM at time .
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Maximal position

@ M,: maximal position of BBM at time ¢.

@ Bramson (1983): weak convergence of centered maximum

3 t—00
P MS\thf—lo t+x> — w(x).
<t N )

@ Lalley and Sellke (1987): Probabilistic representation of w via derivative
martingale.

@ Our interests: deviation probabilities

» Upper deviation: P (M, > \@at) for a > 1;

» Lower deviation: P (M, < ﬂat) for o < 1. (Omitted for this talk.)
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BBM: upper deviation

@ Chauvin and Rouault (1988):
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BBM: upper deviation

@ Chauvin and Rouault (1988):

» Fora > 1,
P (M, > Vaar) "% Csta) (e,
Vi

@ Arguin, Bovier and Kistler (2013): Cst(«) via the solution of the F-KPP
equation.

@ Berestycki, Brunet, Cortines and Mallein (2022): o — Cst(c).

@ Derrida, Meerson and Sasorov (2016): conjecture on Cst'(1+).
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Rough idea for upper deviation
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Rough idea for upper deviation

o Why P (M, > V2ar) Kl o> 17

@ Two facts:
» N (¢) := number of particles at time 7 with E[N(1)] = ¢'.
» Each particle moves as a BM.

P (M, = v2ar)
= P(there exists one particle which is higher than v/2as)
< E[/\/( )P (Bt > V2a1)
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Rough idea for upper deviation

o Why P (M, > V2ar) Kl o> 17

@ Two facts:
» N (¢) := number of particles at time 7 with E[N(1)] = ¢'.
» Each particle moves as a BM.

P (M, = v2ar)
= P(there exists one particle which is higher than v/2as)

< EW( )IP (Btz V2ai)

2r¢ix ~ g —_— 2t

m o V2t Vi

@ Lower bound: refined Bramson’s argument on the F-KPP equation.

@ Our goal: from BBM to two speed BBM

1 2422 1 1 7(a271)t
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Two speed branching Brownian motion
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Two speed Brownian motion
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Two speed Brownian motion

@ (regular) BM: B, 4 N(0,s),0<s<t.
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Two speed Brownian motion
@ (regular) BM: By 4 N(0,s),0<s<t.

@ Two speed BM: {W,: 0 < s <}

N
Wy ::/ o(u)dBy,
0
where
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Two speed Brownian motion

@ (regular) BM: By 4 N(0,s),0<s<t.
@ Two speed BM: {W,: 0 < s <}
N
Wy = / o(u)dBy,
0
where

, 0 < s < bt
o(s) =47 * 0<b<l.
02, thSSt,

w4 N(O,Ulzs), 0 < s < bt
b N (0,0%bt +03(t —5)) , bt <s<t.
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Weak convergence of the centered maximum

@ Two speed BBM: Derrida and Spohn (1988), Fang and Zeitouni (2012),
Bovier and Hartung (2014).
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@ Two speed BBM: Derrida and Spohn (1988), Fang and Zeitouni (2012),

Bovier and Hartung (2014).
@ M, :=Maximal position at time ¢.
@ Fang and Zeitouni (2012), Bovier and Hartung (2014):
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Weak convergence of the centered maximum

@ Two speed BBM: Derrida and Spohn (1988), Fang and Zeitouni (2012),

Bovier and Hartung (2014).
@ M, :=Maximal position at time ¢.
@ Fang and Zeitouni (2012), Bovier and Hartung (2014):

M; — m; converges weakly,

{ft— 5 logt, if oy < o2,
my =

V2(o1b + o2(1 — b))t — 27(01 +op)logt, ifoy > os.

@ Recall: for regulara -BBM, m; = V2 at— logt
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Large deviation I: Chen, X., Chen, Z., H., Hartung (2023+)

o Assume 02b + 05(1 — b) = 1 and 0| < 0. Then, for any a > 1,

lim /7 ~V'P(M, > V2ar) = some constant.

t——+400
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Large deviation I: Chen, X., Chen, Z., H., Hartung (2023+)

o Assume 02b + 05(1 — b) = 1 and 0| < 0. Then, for any a > 1,

lim /7 ~V'P(M, > V2ar) = some constant.

t——+400

@ Parallel to regular BBM.

@ Proof: Trivial.
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Large deviation II: Chen, X., Chen, Z., H., Hartung (2023+)

Assume 01219 + O'%(l —b) = 1land 0y > 0. Forany a > 1, set  :

a(boy + (1 —b)or).
e if wjop > 1, then

lim V7@ D'P(M, > V2a,1) = Cy;

t—+400

@ if oy = 1, then

lim e =P(M, > V2ay1) = Cy;

t——+00

e if wjop < 1, then

. 2 2
lim ¢ 2ob
t——+00

14 30a(eg —2(1-h)) ((al—(l—b)02)2 -
e

t
o1 ) P(M, > V2a1t) = Cs.

13/15



Idea to the proof: o, > o,
e ay:=a(ob+o2(1 —b)) fora > 1.
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@ Critical window for X,,(b?):
\@ala%bti 0(1)\/2, arog > 1
\@alafbt —0()V/t, ajop =1,
ati0(1)7 10y < 1,
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Idea to the proof: o, > o,
e ay:=a(ob+o2(1 —b)) fora > 1.

°
{M; > 2a1f} - Z I{Xu(bt)+Mu(t—bl)Z\/§0‘1’} =2
ueN (bt)

@ Critical window for X,,(b?):

ﬂald%btﬂ:O(])\/i, arog > 1
\@alafbt —0()V/t, ajop =1,
a, +0(1), a0y < 1,

where a; = v2(ay — o2(1 — b))t + 23\”} log(1 — b)t.

°
Moment method «j0p > 1;
F-KPP equation a0y < 1.
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