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Outline of my talk

@ Stable and mixing convergences.

@ Motivation of research: Hausler and Luschgy (2015) proved stable
convergence of Conditional Least Squares Estimator (CLSE)
of the offspring mean for supercritical Galton-Watson processes
under non-extinction.

@ Continuous state and continuous time branching processes with
immigration (CBI processes): definition, classification and
asymptotic behaviour in the supercritical case.

@ CLSE of drift parameters for CBI processes based on discrete
time observations.

@ Some references on asymptotic behaviour of CLSE (all about
convergence in distribution).

@ A new result: stable convergence of CLSE of drift parameters for
supercritical CBI processes based on discrete time observations.

@ Proofs are based on a general multidimensional stable limit
theorem due to Barczy and Pap (2023).



Stable and mixing convergences

The notion of stable (mixing) convergence is due to

Rényi (1950, 1958, 1963) and Rényi and Révész (1958).

Stable convergence is a type of convergence:

@ in the classical central limit theorem, not only convergence in
distribution, but mixing convergence holds as well.

@ limit theorems with random indices.
@ limit theorems for martingale difference arrays.
@ asymptotic behaviour of estimators, high frequency statistics.

Stable convergence has nothing to do with stable distribution.



Stable and mixing convergences

Let (22, F,P) be a probability space and G C F be a sub-c-algebra.
Let (Xn)n=1 and X be RY%valued random variables defined on Q.

Stable convergence
We say that X, converges G-stablyto X as n — oo, if

Jim E(EE(h(Xn) | 9)) = E(EE(h(X) | 9))

for all random variables ¢ : Q — R with E(|¢]) < co and for all
bounded and continuous functions h: RY — R.

\

Mixing convergence

We say that X, converges G-mixingto X as n— oo, if
X, converges G-stablyto X as n— oo, and o(X) and G are
independent. This equivalently means that

Jim E(€E(h(X) | 6)) = E(€) E(h(X))

for all random variables ¢ : Q — R with E(|¢]) < co and for all
bounded and continuous functions h: RY — R.

\




Characterisation of stable convergence

Portmanteau theorem for stable convergence
The following assertions are equivalent:

(i) X, converges G-stablyto X as n— oc.

(i) forall F e g with P(F) >0, we have

P converges weakly to PX as n — oo,

where
e IPr denotes the conditional probability measure given F:
__P(BNF)
Pr(B) := “B(F) Be F,

o P¥ and P¥ are the distributions of X, and X under Pf, resp.

o




Some further results on stable (mixing) convergences

(i) If G ={0,Q}, then G-stable convergence is nothing else but
convergence in distribution.

(i) G-stable (mixing) convergence yields convergence in distribution.

(Indeed, one can choose ¢ =1 in the definition, and then use
Portmanteau theorem for convergence in distribution.)

(ii) If Xp, n > 1, and X are random variables and X is G-measurable,
then

X, converges to X in probability — X, — X G-stably.

By (i) and (iii), G-stable convergence is a type of convergence
between convergences in probability and in distribution.

(iv) If (Xn)n=1, X, and Y are random variables, then
X, — X o(Y)stably <  (XpY)=(X,Y).




Galton-Watson process (without immigration)

AN AN LA
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Yy is the number of individuals in the k" generation, k€ Z,:={0,1,...}.

Yi—1

YKZZ&(J, kENZ:{'l,Z,...},
=1

where
@ {Y0.¢k,: k,j € N} are independent random variables,
@ Yy is N-valued, & is Z,-valued,
@ {{, &) k,j € N} are identically distributed (offspring distribution).



Asymptotic behaviour of supercritical Galton-Watson

processes

A classification:
E(¢) € (0,1) E(¢) =1 E(£) € (1,00)

subcritical critical supercritical

In the supercritical case (i.e., when E(£) > 1), if in addition,
E(Y2) < 0o and E(£2) < oo, then there exists a nonnegative random
variable M., such that E(M2,) < co and

Y, .
s M as n— oo in L? and P-a.s.

(E)"
Further,

P(nIer;O Yn=o00) =P(Msx > 0) > 0.
Hence, in the supercritical case, under the above second order
moment assumptions, the conditional probability measure Py -0y
given {M., > 0} is well-defined (that will be used later on).



CLSE for supercritical Galton-Watson processes

The CLSE of the offspring mean E(¢) based on the observations
Yo, Yi,..., Y, neN, is defined as

argerginé(Y; —aYi_1)?
Here note that
Yi—E(Yi| Yo....,Yie1) = Vi —E(€)Yiq, i=1,...n.
The CLSE of E(¢) takes the form

_(CLSE)  2ohet Yk—1 Yk
Qan =T=n v
> k=1 Vi1

where Y7_, Y2 , > 1, since Yo >1 (by our assumption).



Theorem (Hausler and Luschgy (2015))

Suppose that E(Y{) < oo, E(£*) < oo, var(¢) > 0and a := E(¢) > 1.
Then

P{Moo>0}(af,CLSE) —a as n—oo)=1 (strong consistency),
and
0B — 1)1/2 R
( — _)1 n/2(a£,CLSE) o)
— /var(€) N FY _stably under P as n— oo
v WiV 0o~ Moo :
N (A
where

o ’FOYO = 0—(LJ(,?'OZOO-(\/O7 Y1,..., Yn)),
@ M, is an F.Y-measurable random variable satisfying E(M2) < oo
and a~"Y, convergesto M., as n— oo in L? and P-a.s.,

@ N~ N(0,1), and N is P-independent of F).

This theorem has a version with random scaling, mixing convergence and normal limit law. 10



CBI processes

Notations:
@ R, =[0,00): non-negative real numbers,
@ R, =(0,00): positive real numbers,
@ C_: complex numbers with non-positive real parts,
@ C__: complex numbers with negative real parts,
@ x Ay :=min(x,y), X,y € R.

Set of admissible parameters

Atuple (c,a,b,v,u) is called a set of admissible parameters if
@ c,ace Ry,
@ beR,
@ v is a Borel measure on R, satisfying [;™(1 A r)v(dr) < oo,

@ ; is a Borel measure on R, satisfying [;°(z A 22) u(dz) < occ.

o




Existence of CBI processes (see, e.g., Li (2011))

Let (c, a, b, v, 1) be a set of admissible parameters. Then there exists a
unique transition semigroup (Pt)icr, on R, such that

|| <Py = exp{xw(t, o+ | F(u u))ds}

for x,t e Ry and ue C_, where
@ forany u e C_, the continuously differentiable function
Ry > t— 9(t,u) € C__ is the unique locally bounded solution to
the DE
8tw(t) U) = R(d}(t? U)), ¢(07 U) =u,

with
R(u) == ct? + bu + / (% —1—u(1AZ)u(dz), ueC.,
0

® F(u):=au+ [y (e —1)v(dr), ueC_.




CBI processes

A Markov process with state space R, and with transition semigroup
(Pt)ter, given above is called a

CBI process with parameters (c, a, b, v, i).
The function C_ > u— R(u) € C is called the branching mechanism.
The function C_ su— F(u) € C_ is called the immigration mechanism.

CB process: a=0 and v=0 (i.e., F=0).




SDE for CBI processes (Dawson and Li (2006))
Let (c,a, b,v, ) be a set of admissible parameters. If E(Xp) < oo

and [ rv(dr) < oo, then there exists a pathwise unique R -valued
solution to the jump-type SDE

t t
Xt = XO = / (a T BXS) ds + / \V 2c maX{O, Xs} dWS
0 0

t poo poo . t poo
+/ / / z]l{ugxs_}N(ds,dz,du)Jr/ / r M(ds,dr)
0o Jo Jo o Jo

for t € Ry, where
@ B:=b+ [["(z—1)p(dz) € R,
@ (Wh)ier, Iis a standard Wiener process,

3

@ N and M are Poisson random measures on (0,00)® and on (0,00)? with

intensity measures ds u(dz)du and dswv(dr), resp.,

() N(ds, dz,du) := N(ds,dz,du) — ds u(dz) du is the compensated Poisson
random measure corresponding to N,

@ Xo, (Wi)ier,, N and M are independent.
The solution is a CBI process with parameters (c, a, b, v, ).




Rewriting the SDE

Under the given moment conditions E(Xp) < oo and [ rv(dr) < oo,
the SDE above can also be written as

t t
Xt = XO + / (A + BXS) ds + / \V4 2c maX{O, Xs} dWS
0 0

t poo poo - t poo
+/ / / Zly<x,_y N(ds,dz,du) +/ / r M(ds,dr)
o Jo Jo 0 Jo

for t € Ry, where
@ A:=a+ [,° ru(dr),

@ M(ds,dr) := M(ds,dr) — dsuv(dr) is the compensated Poisson
random measure corresponding to M.

Note that this SDE contains integrals with respect to compensated
Poisson random measures.

Aim: to estimate the parameters A and B based on discrete time
observations, supposing that ¢, ¢ and v are known.



Interpretation of e® and A, and classification

One can derive

t
E(X; | Xo = x) = eB’x+A/ eBldu,  xeR,, teRy,
0
which shows that
@ B=E(Y; | Yo=1), where (Yi)icr, is a CBI process with
parameters (¢,0,b,0, 1) (a pure branching process, CB process).
@ A=E(Z | £ =0), where (Z)ier, is a CBI process with
parameters (0, a,0,v,0) (a pure immigration process).
Hence one may call

eB  the branching mean, and A the immigration mean.

Classification: a CBI process (X;)icr. is called
subcritical  if B<0 (< eB<1),
critical if B=0 (< ef=1),

supercritical if B>0 (< e8>1).



Some known results about supercritical CBI processes

Asymptotic behaviour of supercritical CBI processes

Let (Xt)ier, be a supercritical CBI process with parameters
(c,a,b,v, ) suchthat E(Xp) < co and f1°° rv(dr) < co. Then there
exists a non-negative random variable wy, with E(wy,) < oo such that

_ P-as.
e BtXt —as) Wx, as t— oo.

Further, if [ zlog(z) u(dz) = oo, then P(wyx, = 0) = 1.

Corollary
Under the assumptions of the previous result, for each ¢ € N,

n 0
w

—¢Bn ¢ P-a.s. Xo

e X — as n— oo,
Z k—1 /B _ 1

2B P-as. eB 2

= n
ZXK Xk =% g W, 8 n— o
k=1

\

These can be found in Barczy, Palau and Pap (2020, 2021) (or easy corollaries of them).



A set of sufficient conditions in order that P(wx, = 0) =0

Let (Xt)icr, be a supercritical CBI process with parameters
(c,a,b,v, ) suchthat E(Xp) < co and

/100 2% p(dz) + /100 r?v(dr) < oc.

If A>0, ie, a>0 or v#0 (i.e., (Xt)ier, is nota CB process),
then P(wy, = 0) =0.

This can be found in Barczy, Palau and Pap (2020, 2021).



CLSEs for CBI processes

o Let FY = O'(Xo,X1,...,Xk), k e Zy.
o Let 7% = o(Uio F¥)-
@ Since (Xi)icr, is atime-homogeneous Markov process, we get

E(Xk | F& 1) =E(Xk | Xk_1)= 0Xk_1 + A,  keN,

where

1 o) 1
o=ePeRr,y, A::A/ eB5ds = <a+/ ru(dr))/ ePds e Ry.
0 0 0
@ Let us introduce the sequence
My = Xy — E(Xx | F&X )= Xk — 0Xk—1 — A,  keN,

of martingale differences with respect to the filtration (FX)kez. -
@ Then X = oXx_ 1+ A+ My, ke N.



In all what follows, we suppose that ¢,  and v are known.

CLSE of (o, A)

Foreach ne N, a CLSE (o5, An) of (o,.A) based on observations
Xo, X1, ..., Xn can be obtained by minimizing the sum of squares

ZMk—Z (Xk — 0Xk—1 — A)?

k=1

b
)
)

with respect to (o, A) over R?, and it has the form

on| 1
A\n T n

n
n Z XEﬁ1 = (Z Xk_1>
k=1 k=1

n n n
n E XicXk—1 — kZ1 X 1(21 Xi—1

n n
Z Xx Z 1 —!;XkaAkE%qu

k=1

on the set

n n 2
Hp = {w €eQ: nZXE—1(W) — (Z Xk_1(w)> > O}.
k=1

k=1

20



References on CLSE for CBI processes (discrete time

observations, all about convergence in distribution)

@ Huang, Ma and Zhu (2014):

weighted CLSE of (B, a) based on observations Xy, Xi,..., Xn,
n € N, can be obtained by minimizing the sum of squares

n n 1
1 1 2
(X —E(Xk | Xc_1))2 = X —eBX,_ —A/ eBsds
k§:1 qu_H( k —E(Xk | Xk=1)) k§:1 Xk71+1< k k—1 A )

with respectto (B, a) over R?, where A= a+ [, ry(dr).

In the supercritical case, under 2"9-order moment conditions on
v and p, and supposing that Xp is a nonnegative constant,
o the weighted CLSE of B is strongly consistent and is
asymptotically normal using an appropriate random scaling,

o the weighted CLSE of a is not weakly consistent, but
asymptotically normal using an appropriate random scaling.

They proved results in the subcritical and critical cases as well.

21



@ Barczy, Kérmendi and Pap (2016):
CLSE of (B, A) based on observations Xj,...,X,, neN,

assuming X, = 0 and 8-order moment conditions on v and L.

In the critical case, provided that A > 0, they described its

asymptotic behavior, and the limit distribution is non-normal

except the case when the CBI process is a pure immigration
process (otherwise, it is normal).

29



References on CLSE for some special CBI processes

@ Overbeck and Rydén (1997):

CLSE and weighted CLSE for a Cox—Ingersoll-Ross process,
which is a CBI process of diffusion type (without jump part), i.e.,
when =0 and v =0.

They studied the subcritical case assuming that Xj is distributed
according to the unique stationary distribution.

@ Liand Ma (2015):

CLSE and weighted CLSE of (B, a) for an a-stable CIR process,
which is a CBI process with ¢ =0, v =0 and u(dz) = z7'~*dz,
where « € (1,2).

They studied the subcritical case assuming that Xj is distributed
according to the unique stationary distribution.

29



Form of CLSE of (o, A)

Recall that the CLSE (g, An) of (o,.A) based on observations
X0, X1, ..., X, takes the form

n n n
nyo XeXe—1 — >0 Xk D0 Xk—1
=1 =1 k=

on _ 1
A, n 2 | n no, n n
ny Xz - (Z qu) D Xk 20 Xi_q — 20 XuXk—1 20 Xk
= = k=1 k=1 k=1 k=1

on the set n n 2
Hn = {w €Q:ndy X2 j(w)— (Zxk_1(w)> > o}‘
k=1

k=1
Existence and uniqueness of CLSE of (o, .4) in supercritical case
Let (Xi)icr, be a supercritical CBI process with parameters
(c,a,b,v, ) such that E(Xp) < oo and [ 22 p(dz) + [7° r? v(dr) < oo.
Suppose that A= a+ [;° rv(dr) > 0. Then

(i) P(wy, >0) =1,

(i) limpeo P(Hp) = 1, i.€., the probability of the existence of a unique

CLSE (on, An) of (o, A) convergesto 1 as n— oo,
(i) (2n, An) has the form given above on the event Hj.

24



CLSE of (B, A)

Recall that p=e? € R, and A= Afo1 eBSds e R,.
Hence (o, A) = h(B, A), where h:R? - R, , x R given by

h(x, y) < ,y/ Xsds) (x,y) € R2.

Note that h is bijective having inverse h=':R,, x R — R? given by

hY(u,v) = (Iog(u), ) . (u,v) R, xR

f01 usds

Motivated by (B, A) = h~'(p,.A), one can introduce a natural
estimator of (B, A) based on the observations Xp, X, ..., Xp
by applying h~' to the CLSE (on, An), i.e

o 4
(Bn,An) = h 1(@[7,./4[7) = |0g Qn n e N,
Jo (@n)>ds

onthe set {we Q: op(w) € R4}

28



CLSE of (B, A)

One can derive that

@ the probability of the existence of the estimator (B,, A,) converges
to 1 as n— oo (following from the strong consistency of gn, that can be proved
independently of the forthcoming limit theorem),

@ ontheset {w e Q:op(w) € Ry}, we have
n

1 2
(Bn, An) = argmin Z X —eBX 4 —A/ eBsds| .
(BA)ER? 0

In what follows, we will simply call (En, 7\,,) the CLSE of (B, A) based
on the observations Xp, Xi,..., X;.

2R



Strong consistency

Let (Xt)icr, be a supercritical CBI process with parameters
(c,a, b, v, n) such that E(Xp) < oo and [;° 22 u(dz) + [ r2v(dr) < occ.
Suppose that A= a+ [;° rv(dr) > 0. Then

o the CLSE g, of o is strongly consistent, i.e., o, —3 o as n — co.

o the CLSE B, of Bis strongly consistent, i.e., B, ™% B asn— .

.

Remark. What about (weak) consistency of A,?

Our forthcoming limit theorem on CLSE will imply that
the CLSE of A, of A is not (weakly) consistent if C # 0,

and
the CLSE of A, of A is (weakly) consistent if C =0,

where -
C:=2c+ / 72 p(dz).
0

In case of C =0, the question of strong consistency of An remains open. o



Main result: asymptotic behaviour of CLSE (En,Z\n)

Let (Xt)icr, be a supercritical CBI process with parameters

c,a,b,v, ) such that E(Xp) < co and [ 22 u(dz) + [° r? v(dr) < oo
1 1

Suppose that A=a+ [,;° rv(dr) >0 (nota CB process).
Then

[ eB"/2(B, — B)

. — 82N FX-stably as n — oo,
neB1/2(A, — A) g

where

@ N is a 2-dimensional random vector P- independent of FX such
that N 2 N5(0, Clp) with C = 2c+ [° 22 u(dz),
@ the random matrix S, defined by

(B-1)(2B-1)2 1 eBeB1)
s =

BeB(e36 1) Xo e3B 1
_ eB(er1) Be2B 2
e38 1 (eB—1)(e3B— 1)

is P-independent of N.

28



Remark. Incase of C =0, (i.e., ¢ =0 and u = 0), we have
@ the previous result implies that

° eB”/z(E,,fB)D—mQO as n— oo,

° ne*B”/z(Z\,,—A)IEQO as n— oo.

Hence the scaling factors ¢7/2 and ne=8"2 are not the good
ones in the sense that the limit distribution is zero.
This motivates a separate study of the case C = 0.

@ If, in addition, v # 0, then the next result shows that the scaling

factors eB" and n'/2 are the good ones in the sense that the
limit distribution is not zero.

29



Main result: asymptotic behaviour of CLSE (En,Z\,,)

If, in addition, C =10 (i.e., c=0 and p = 0), then
BB 1 & 55 X |
By — B) — —5—wy, Ze 7 FX-stablyas n— oo,

and N
n'2(A,— A) = N;  FX-mixingas n— oo,

where
@ Ny is a random variable P-independent of FX such that

5625—1 €2
N 2N < (_1)2/ dr)>

@ (Z)jecz, are P-ii.d. random variables being P-independent of
FX suchthat Z; has a characteristic function

E(ei%1) = exp{/ / 10re - iereB“) du 1/(dr)}7 0 €R.

Here Z; Z M; = Xy — E(X; | Xp), and the series above is absolutely convergent P-almost surely. &g




Some remarks

@ The independence of N and S is a consequence of that N is
independent of FX and S is FX-measurable following from the
FX-measurability of wy,.

@ The FX-measurability of wyx, also implies that the sequence of
random variables (Zj)jcz. and wy, are independent.

@ The limit law for B, — B may depend on the law of the initial value
Xo, since the law of wy, may depend on the law of Xj.

This phenomenon usually happens for limit laws of CLSEs for
supercritical models using deterministic scalings.

1



Sketch of proof

The proof can be traced back to describe the asymptotic behaviour of
the CLSE (on,.An) of (o,.A), since
) ) n e N?

o
ef"/2(B, - B) .
ne=B2(A, — A)|

on the set {w € Q: on(w) € R4}, where f,: R? — R? given by

o5 g1 + )
X _
fn<|: :|> = y+ne Bn/ZA . ne_Bn/zA

1
fo (o+ es),:/z )°ds

eBn/Z(/Q\n . Q)
ne=B/2( 4, — A)

for (x,y) € R? with x > —eB"2p, and f,(x,y):=0 otherwise,

92



Sketch of proof

@ and then one can use the following continuous mapping theorem:

Continuous mapping theorem for stable convergence
Let

e deN, (Q,F,P) be a probability space,
@ G C F be a sub-c-algebra,

o (¢n)nen and ¢ be R9-valued random variables on (Q, F,P) such that
&n — & G-stably as n — oo,

o f:RY -5 R? and f,: RY - R? neN, be Borel measurable mappings
such that lim,_, fo(Sn) = f(8) if limy_ o0 Sy =5 € RY.

Then

fn(€n) — f(§) G-stably as n— oo.

23



Sketch of proof

@ A useful decomposition for handling the CLSE (2, A,) of (o, A):

n

Z My X — 1_ZMKZXk1

k=1 k=1

On — 0 1 k=1
[Xn—A} - néqu _ (éxk_1)2 zi; 2:; éMka—‘éXk—‘ 7
where e B"S°0 . X1 and e 2B"Y")_, X2 | converges a.s.
@ We need to study the asymptotic behaviour of
> k=1 Mi
[ZL My Xic—1

with the aim of proving stable convergence.

] as n— oo,

24



Sketch of proof

Let (Xi)icr, be a supercritical CBI process with parameters
(c,a,b,v,p) such that E(Xp) < oo and [ 22 pu(dz) + [7° r? v(dr) < oo.
Suppose that A= a+ [~ rv(dr) > 0.

Then

[eB”/Z 0 H > k=1 Mk

R'/2N  FX-stablyas n— oo
0 e—SBn/Q Zn M. X, - o ’
k=1 VIk/A\k—1

where
@ N is a 2-dimensional rand. vector P-independent of FX such that
NEN3(0, Vi) with V:=C [ eB(+0) duand C = 2¢+ [7° 22 u(dz),
@ the random matrix

2
w:
W)(0 Xg
eB—1 261

R = is P-independent of N.

2 3
w wy

e2B—1  e3B_1



Sketch of proof

If C=2c+[,°2%u(dz) =0 (i.e., c=0 and p=0), then the limit
distribution above is (0,0), so other scaling factors should be found
in order to get a non-zero limit distribution.

Let (Xi)icr, be a supercritical CBI process with parameters
(c,a,b,v,u) such that E(Xp) < co and [ 22 pu(dz) + [{° r? v(dr) < oo.
Suppose that A=a+ [;°rv(dr) >0 and C=0.

(i) We have

n
n'2N "M, — Ny FX-mixing as n— oo,
p

where N; is a random variable P-independent of FX such that

2B 0
Ny =N (0, 5B /o r y(dr)> .

2R



(i) We have

n [e’e)

_ Wx, _Bj

e Bn E M Xi—1 — —5 E e ¥z FX-stablyas n— oo,
(&

k=1 j=0

where

@ (Zj)jez, are P-independent and identically distributed random
variables being P-independent from FX,

e Z; has a characteristic function

1 oo
0 Jo

In particular, we have Z; 2 M =X — E(X1 | Xo).

o the series ) ° e 7 is absolutely convergent P-almost surely.

In case of C =0, we could not prove joint stable convergence of
n 1230 My and e B"S°0_  MkXk_4 as n— oo.



Sketch of proof

The proof of the previous theorem,

@ incase of C#0, isbasedon a
multidimensional stable limit theorem

due to Barczy and Pap (2023).

It is a generalization of the corresponding 1-dimensional result
due to Hausler and Luschgy (2015).

@ incaseof C=0, isbasedona
one dimensional stable limit theorem
and on a
martingale central limit theorem involving mixing convergence

due to Hausler and Luschgy (2015).

Next, we recall these results.

28



Sketch of proof

Some notations:
@ for an event A< F with P(A) >0, let

Pa(B) = W, Be F,

denote the conditional probability measure given A.

e for an R%valued stochastic process (Up)nez, ,
its increments are defined by

AU, =U,-U,_y, neN, and AUy :=0.

@ o(A) is the spectral radius of a matrix A ¢ RY*9.

29



A multidimensional stable limit theorem

Theorem (Barczy and Pap (2023))
Let
@ (Fn)nez, be afiltration,

@ (Up)nez, be an R9-valued stochastic process adapted to (Fp)nez. ,

0 (Bp)nez, be an R9*9-valued stochastic process adapted to (Fp)nez.
such that B, is invertible for sufficiently large n € N,

@ (Qp)nen be a sequence in R9<9 suchthat Q, — 0 as n — oo
and Q; is invertible for sufficiently large n € N,

0 Ge Fy :=0(Ur’o Fk) with P(G) > 0.

B, will serve as a random scaling for U,

Q,, will serve as a deterministic scaling for U,,.
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A multidimensional stable limit theorem

Assume the following conditions:

(i) there exists an R9*%-valued, F.,-measurable random matrix
n:Q — R suchthat P(GN{3n~'}) >0 and

QB %y as no o,
(i) (QnUn)nen is stochastically bounded in Pgn5,,-1,-probability:
lim supIP’Gm{a77 13([[@nUn[l > K) =0,

K—oo

(iii) there exists an invertible matrix P € R9*? with o(P) < 1 such that

4 P
B.,B,' —% P as n— o forevery reN,

(iv) there exists a probability measure p on (R?, B(RY)) with
Jralog™ (|| ]]) 1(dX) < oo such that for all 6 € RY, we have

. P 3 .
Ep(eX0BAU | 7, ) oY E / e0X) (dx)  as n— oco.
Rd

a1



A multidimensional stable limit theorem

Then
@ with random scaling:

B.U,— > PZ;  F.-mixingunder Pg3,-1, 8 n— oo,
j=0

@ with deterministic scaling:

QU,—n) P'Z;  Fo-stably under Pgnr5,-1, as n— oo,
j=0

where (Z;);cz, denotes a P-independent and identically
distributed sequence of R9-valued random vectors being
P-independent of F,, with P(Zy € B) = u(B) forall B € B(RY).

v

Here n and (Z;)jcz, are P-independent (since n is F..-measurable,
and (Z));cz, is P-independent of F).
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